Using the theory of liftings, we give simple new proofs of the characterizations of the relatively weakly compact subsets and weak Cauchy sequences of L ∞ (E). Also a different proof, of a deep result of J. Diestel, W. Ruess, W. Schachermayer about weak compactness in L 1 (E), is given.
Introduction and notations
In this paper (X, A, μ) is a complete finite measure space, ρ is a lifting and τ ρ is the associated lifting topology (a base for this topology is {ρ(A) \ Q: A ∈ A, Q is a null set}) [3, p. 59 ]. All vector spaces are taken over reals. E is a Banach space and N is the set of natural numbers.
= L ∞ will have the usual meanings. For locally convex spaces notations and results of [5] will be used. For a locally convex space F with F its dual with an x ∈ F and f ∈ F , f (x) will also be denoted by f, x or x, f . We will be using the result that (L 1 (E)) is the space of all bounded continuous mappings u : (X, τ ρ ) → (E , σ (E , E)) [3, Theorem 7, p. 94] . For a topological space Y , C b (Y ) denote all real-valued continuous functions on Y and for a compact Hausdorff space X, C(X) denote all real-valued continuous functions on X.
In [6] and [7] some deep interesting characterizations are given for the relatively weakly compact subsets and weak Cauchy sequences of L ∞ (E); some very deep results about parameterizing operators and factorization of operators are used. In this paper, using the theory of liftings, we give very simple proofs of these results. The only result we use is that a uniformly bounded set of continuous functions, with sup-norm topology, on a compact Hausdorff space, is relatively weakly compact iff it is relatively compact in the topology of pointwise convergence. Also a different proof is given of a deep result of J. Diestel, W. Ruess, W. Schachermayer about weak compactness in L 1 (E).
Main results
We first prove the following simple but crucial lemma. Lemma 1. Let X 0 be a topological space, N * = N ∪ {∞} and {f n : n ∈ N * } a sequence of uniformly bounded, real-valued continuous functions on X 0 and φ : X 0 → R N * (with product topology), φ(x) = {f n }. Putting Y = φ(X),Ȳ its closure in R N * , we get a sequence of uniformly bounded, real-valued continuous functions {g n } on the compact Hausdorff spaceȲ : for any y = {y n } ∈Ȳ , g n (y) = y n . Then:
The sequence {g n : n ∈ N} is pointwise Cauchy onȲ iff {f n } is weakly Cauchy in the Banach space C b (X 0 ) with norm-sup topology.
Proof. (i) We have a linear continuous mappingφ
Since g n → g ∞ , pointwise onȲ , and is uniformly bounded, it is weakly compact and so {f n } is weakly compact in the Banach space C b (X 0 ).
To prove the converse, we give X 0 the weakest topology so that each of f n is continuous. Now define the equivalence relation P on X 0 : xP y ⇔ f n (x) = f n (y) ∀n, and take the quotient topology on X 0 /P . The vector space E generated by {f n } is contained in C b (X 0 /P ) and each element has the same norm as before. Also X 0 /P and Y are homeomorphic and so
. Now g n are continuous extensions of (g n ) |Y to the compact Hausdorff spaceȲ , then we get g n → g ∞ pointwise onȲ .
(ii) We have a linear continuous mappingφ :
Since {g n } is Cauchy in the topology of pointwise convergence onȲ , and is uniformly bounded, it is weakly Cauchy in the Banach space C(Ȳ ). Using the fact thatφ is continuous, we get that {f n } is weakly Cauchy in the Banach space C b (X 0 ).
Proceeding as in the converse of part (i), we give X 0 the weakest topology so that each of f n , n ∈ N , is continuous and then get the quotient space X 0 /P homeomorphic to Y ; thus C b (X 0 /P ) and C b (Y ) are isometric with f n corresponding to (g n ) |Y ∀n ∈ N . If the sequence {f n : n ∈ N } is Cauchy in C b (X 0 /P ), (g n ) |Y ∀n ∈ N will be Cauchy in C b (Y ) . Now g n are continuous extensions of (g n ) |X to the compact Hausdorff spaceȲ and so {g n : n ∈ N } will be Cauchy in C(Ȳ ). This means {g n } is pointwise Cauchy onȲ . 2 Before proving our main results, we will explain how, by using the theory of liftings, we can pass from measurable functions to continuous functions. As stated in Section 1, (X, A, μ) is a complete finite measure space, ρ is a lifting and τ ρ is the associated lifting topology (a base for this topology is {ρ(A) \ Q: A ∈ A, Q is a null set}). With this topology {ρ(A): A ∈ A} are clopen (closed and open) sets in (X, τ ρ ) and also (X, τ ρ ) is an extremely disconnected Baire space. Further sets of first category are null sets and null sets are closed; this implies that if Q is a null set then the space (X \ Q, τ ρ ) (induced topology) is also an extremely disconnected Baire space and sets of first category are null sets. E is a Banach space and S is the closed unit ball of E , the dual of E, with σ (E , E)-topology.
), is continuous and f =f except on a null set Q; thus f : (X \ Q, τ ρ ) → (E, . ) is continuous. Thus for any bounded measurable f : X → E, there is null set Q 0 and a sequence of continuous simple functions {f n } : X \ Q 0 → E such that f n → f pointwise almost everywhere. This implies that there is another null set Q 1 ⊃ Q 0 such that f n → f pointwise on X \ Q 1 . By Osgood theorem [4, p. 86] , there is a set Q 2 , of first category, such that {f n } are equicontinuous on X \ Q where Q = Q 1 ∪ Q 2 . This implies that f : X \ Q :→ E is continuous; also it is a simple verification that sup-norm of f in X \ Q is the same as the norm of f in L ∞ (E). Further it is easily verified that f : (X \ Q) × S → R (with product topology on (X \ Q) × S), f (x, g) = g, f (x) for any g ∈ S, is continuous. Having converted measurable functions to continuous functions, we will be able to use Lemma 1 which is crucial for the proofs of the main theorems. Now we come to the simple proofs of the main results of [6, 7] .
Theorem 2. (See [6, Theorem 2.7, p. 385].) Let K ⊂ L ∞ (E) be bounded. Then K is relatively weakly compact ⇔ for any sequence {f n } ⊂ K there is a subsequence, which again we denote by {f n }, a μ-null set Q and an f ∞ ∈ L ∞ (E) such that for any sequence {(x i , h i )} ⊂ (X \ Q) × S there is a subsequence, which again we denote by {(x
Proof. We assume that K is in the closed unit ball of L ∞ (E). ⇐: We have to prove that every sequence {f n } ⊂ K has a subsequence converging weakly to some function in L ∞ (E). Take a sequence {f n } ⊂ K. By hypothesis, there exists a subsequence, which again we denote by {f n }, an f ∞ ∈ L ∞ (E) and a null set Q 0 . From the above observations made above, before this theorem, it follows that there is a null set Q ⊃ Q 0 such that the functions f n : (X 1 , τ ρ ) → E (X 1 = X \ Q) are continuous for 1 n ∞. This means f n : (X 1 × S) → R are continuous. Putting X 0 = (X 1 × S) and using the notations of Lemma 1, φ : X 0 → R N * is continuous; sinceȲ is a compact metric space, for anyȳ ∈Ȳ , there is a sequence {(x i , h i )} ⊂ X 0 such that φ(x i , h i ) →ȳ. In the notations of Lemma 1 and by hypothesis, g n → g ∞ pointwise onȲ and so using the result of Lemma 1, f n → f ∞ weakly.
⇒: Suppose K is relatively weakly compact in L ∞ (E). Take any sequence {f n } ⊂ K; it has a subsequence, which we denote by {f n }, and anf ∞ ∈ L ∞ (E) such thatf n converges weakly tof ∞ . As proved above in the first part, there is a null set Q such that the functions f n = (f n ) |X\Q : X \ Q → E and f ∞ = (f ∞ ) |X\Q : X \ Q → E are continuous. This implies that f n : (X \ Q) × S → R are continuous. Putting X 0 = (X \ Q) × S this means f n converges weakly to f ∞ in C b (X 0 ). By Lemma 1(i), g n converges pointwise to g ∞ onȲ . Now for any sequence {(x i , h i )} ⊂ X 0 , there is a subsequence, which again we denote by {(x i , h i )}, such that φ(x i , h i ) →ȳ for someȳ ∈Ȳ . The result follows from Lemma 1(i). 2 [7, Theorem 2.7, p. 275] .) Let {f n } ⊂ L ∞ (E) be a bounded sequence. Then {f n } is weakly Cauchy ⇔ there is a μ-null set Q such that for any sequence {(
Theorem 3. (See
there is a subsequence, which again we denote by {(
Proof. ⇐: Suppose {f n } are in the closed unit ball of L ∞ (E). Proceeding as in Theorem 2, we get a null set Q such that, by putting X 0 = (X \ Q) × S, the functions f n : X 0 → R are real-valued continuous functions. In the notations of Lemma 1(ii), we have to prove that g n (y) is Cauchy for every y ∈Ȳ . SinceȲ is a compact metric space, for anyȳ ∈Ȳ , there is a sequence {(x i , h i )} ∈ X 0 such that φ(x i , h i ) →ȳ inȲ . Using notations of Lemma 1(ii) and by hypothesis, this implies that {g n (y)} is Cauchy for every y ∈Ȳ and so using the result of Lemma 1(ii), we get that f n is weakly Cauchy in L ∞ (E) ⇒: Take a weakly Cauchy sequence {f n } in L ∞ (E). Proceeding and using the same notations as above, we get that f n : X 0 → R are real-valued continuous functions. By Lemma 1(ii), g n (y) is Cauchy for every y ∈Ȳ . SinceȲ is a compact metric space, for any sequence {(x i , h i )} ∈ X 0 there is a subsequence, which again we denote by {(x i , h i )} ∈ X 0 , such that φ(x i , h i ) converges to some pointȳ ∈Ȳ . The result follows now from Lemma 1(ii). 2
Now we give a different proof of the remarkable result proved in [1] . 
Proof. ⇐:
We have to prove that every sequence {f n } ⊂ K has a subsequence converging weakly to some function in L 1 (E). So there is no loss of generality in assuming that L 1 (E) is separable. Take an {f n } ⊂ K. By hypothesis, there is a subsequence, which again we denote by {f n }, and a sequence {g n }, g n ∈ convex{f i : i n} such that g n (x) is weakly convergent in E on X 0 with μ(X \ X 0 ) = 0. Let g = lim g n . For an x ∈ X 0 and h ∈ S, we have
. Using this result, the boundedness of K and Fatou's lemma, we get that g ∈ L 1 (E).
We claim that g is in the closed convex hull of {g n } in (L 1 (E), . ). Suppose this is not true. Then, by [5, Theorem 9 x) ) a.e. on X. Using Egoroff's theorem and uniform integrability of {f n }, and therefore of {g n }, we get u, g n → u, g , a contradiction. By taking convex combinations of elements of {g n }, if necessary, we can assume that g n → g in L 1 (E).
Let f be a cluster point of {f n } in ((L 1 (E)) , σ ((L 1 (E)) , (L 1 (E)) )). We need to prove that f ∈ L 1 (E). For this we will use Grothendieck completeness theorem. Take a sequence {h n } ⊂ (L 1 (E)) , h n 1 ∀n and h n → 0 pointwise on L 1 (E). By taking subsequences, if necessary, we can assume lim n h m , f n = h m , f ∀m. We have to prove that p m = h m , f → 0. (L 1 (E), . ), {g n } is relatively compact in (L 1 (E), . ) , and so lim m h m , g n = 0 uniformly in n. From this it follows that lim m p m = 0. This proves the result.
⇒: This is a trivial verification. 2
